In this work we show that relativistic contributions to the ground state energy of the hydrogen atom arising from the presence of a minimal length introduced by a Lorentz-covariant algebra are more relevant than non-relativistic ones, and because of this the non-relativistic approach is not suitable. In addition, comparing our result with experimental data we can roughly estimate the upper bound for the minimal length value of the order 10 −20 m.
Introduction
The existence of a minimal length is not a new idea. Due to the divergences arising from the advent of Quantum Field Theory, in the 1930s, Heisenberg concluded that a minimal length should exist which would be a natural cut-off for divergent integrals [1, 2, 3] . In 1947, Snyder proposed a Lorentz-covariant algebra of the position and momentum operators which leads to a non-continuous space-time, and, in this way, implementing a minimal length in theory [4] . M. V. Battisti and S. Meljanac have analysed several physical consequences following from the noncommutative Snyder space-time [5] .
The fact that all candidates for quantum gravity theory lead to prediction of the existence of a minimal length is not surprising, because all of them put together the fundamental constants G, c and of gravity, relativity and quantum mechanics, respectively, what allows to define a new fundamental constant,
known as Planck-length. It is clear that constructing a constant with dimension of length is not enough to assume the existence of a minimal length. A stronger argument is that the smaller the region of space-time we want to probe, the higher energy of the incident particles which we use to probe that region, consequently increasing the gravitational field created by the incident particles, and, in this way, increasingly disturbs its trajectory and increasing the uncertainty in its measurement, resulting in no measurement at all. Since the Planck-length value is very small, the experimental researches on the existence of a minimal length at such value would not be available in now a days and would not even in close future. However, the present models of large extra dimensions have an effective scale of the Planck-length higher than four dimensions [6, 7, 8] , what enables experimental searches for the existence of a minimal length using the current technologies [9] .
Hence, recently there is a growing interest in the search for experimental constraints to obtain an upper bound for the minimal length value. Many papers have been published concerning this issue and a wide variety of results of quite different magnitudes has been obtained. Although most of papers are in a quantum context, S. Bensczik and collaborators have considered the effects of the classical limit (Poisson bracket) of the deformation of the canonical commutation relations on the classical orbits of particles in a central force potential [10] . They have found an upper bound value for the minimal length of thr order 10 −68 m, which is 10 33 order smaller than the Planck length. In [11] , the authors have considered a treatment of many-particle which leads to an effective parameter related to the minimal length for Mercury planet inversely proportional to the number of particle of the planet and, this way, they have obtained a more satisfactory upper bound value of the minimal length of the order 10 −17 m. The effects of the presence of a minimal length in the spectrum of the hydrogen atom have been calculated by many authors due to high-precision experimental measurement for the frequency of the radiation emitted during the transitions. As far as we known, Brau was who first calculated such effects and estimated a maximum value to minimal length of order 10 −17 m in a 1999 paper [12] . In 2003, R. Akhoury and Y. P. Yao, working in momentum representation, got a result different from what was obtained by Brau in position representation [13] . In 2005, S. Benczik et al also considered the spectrum of the hydrogen atom in momentum representation using perturbation theory. Their results were in agreement with Brau ones, except in the case l = 0, where they needed to use a numerical method and a cut-off procedure because of the divergent term 1 r 3 [14] . In 2006, M. M. Stetsko and V. M. Tkachuk proposed a modified perturbation theory free of divergences which allowed to calculate the corrections to all energy levels including the l = 0 levels [15] . Their results agreed with Brau ones. In 2007, K. Nouicer obtained the exact energy eigenvalues and eigenfunctions for the Coulomb potential in one dimensional space using path integral in momentum space [16] . In view of the discrepancy results of R.
Akhoury and Y. P. Yao, in 2010, D. Bouaziz and N. Ferkous considered the same problem but proposing another method to solve the s-wave Schroendiger equation in momentum space [17] . Their result for the upper bound value of the minimal length is of the order 10 −24 m. It is worth point out that in most of the papers about the hydrogen atom which are found in literature, a non-relativistic approach is used. However, we expect that relativistic effects arising from the presence of a minimal length must be more relevant than non-relativistic ones because the higher the energy, the more relevant are the effects of the existence of a minimal length. This means that a non-relativistic approach could disregard relevant terms obtained from a relativistic approach. Therefore, it would be very interesting to study relativistic effects on the hydrogen atom in a minimal length scenario. Thus, we propose to study the hydrogen atom using the Dirac equation with a central potential in a minimal length scenario.
There are, however, attempts to treat the minimal length problem using Dirac equation. The authors of the reference [8] have obtained the Dirac equation in a minimal length scenario introduced by modifying the canonical functional relation between the momentum p and the wave vector k. In order to preserve the symmetry between space and time they demand the energy E and the frequency ω satisfy the same functional relation. In 2005, K. Nozari and M. Karani derived a modified Dirac equation for a free particle. They claim that due to quantum fluctuation of the background space-time, it is impossible to have free particle in a minimal length scenario [18] . In that same year, 2005, C. Quesne and V. M. Tkachuk exactly solved the Dirac oscillator in the momentum representation [19] . One year after, in 2006, K. Nouicer published a paper where the same problem is solved [20] . In 2006, C. Quesne and V. M. Tkachuk used a Lorentz-covariant algebra to deal with the (1+1)-dimensional Dirac oscillator [21] . In 2011, M. I. Samar proposed a modified perturbation theory in momentum representation in order to deal with hydrogen atom in a minimal length scenario introduced by a Lorentz-covariant deformed algebra [22] . He found that the upper bound value is of the order 10 −19 m. In 2013, L. Menculini, O. Panella and P. Roy derived exact solutions for the (2+1)-dimensional Dirac equation in a homogeneous magnetic field [23] . In the same year, T. L. Antonacci Oakes et al calculated the energy of ground state of the hydrogen atom via Dirac equation using the Kempf's algebra [24] . Using the non Lorentz-covariant Kempf's algebra, the Brau's result has been re-obtained.
For more about the minimal length literature, the interested reader is referred to references [27, 28, 29, 3] .
There are several ways of implementing a minimal length scenario. One of them is to modify the canonical commutation relations. The deformed commutation relations frequently used are ones due to Kempf [25] , given by
where β and β ′ are parameters related to the minimal length. Nevertheless, keeping in mind that the Dirac equation is Lorentz-covariant and the algebra proposed by Kempf is not, we resort to the Lorentz-covariant algebra proposed by C. Quesne and V. M. Tkachuk [21, 26] , given by
[
in order to introduce a minimal length in theory. The rest of this paper is organized as follows. In section 2 we use a "position" representation, which satisfies the Lorentz-covariant commutation relations of Quesne-Tkachuk in the special case β ′ = 2β, to modify the Dirac equation and thus to introduce the hydrogen atom in a minimal length scenario. In section 3 we calculate the energy of the ground state of the hydrogen atom in the minimal length scenario and roughly estimate an upper bound for the value of the minimal length. We present our conclusions in section 4.
Hydrogen atom in a minimal length scenario
In this section we use the Lorentz-covariant deformed algebra of Quesne-Tkachuk to modify the Dirac equation with central potential in order to introduce the hydrogen atom in a minimal length scenario. We consider the case β ′ = 2β. Then the equations (5), (6) and (7) to first-order of β become
[P µ ,P ν ] = 0.
The commutation relations above lead to minimum ∆X
It is not difficult to verify that the following non-trivial transformations of operators from x µ and p µ to X µ and P µ satisfy the Quesne-Tkachuk commutation relations (8)-(10) to first order in β [30] ,X µ =x µ ,
are respectively position, momentum and energy operators (with the exception of c) in ordinary quantum mechanics 2 , that is,
The Dirac equation with the electrostatic central potential of the proton in the ordinary quantum mechanics is
where α is the fine structure constant and γ µ ≡ β ,β α , witĥ
and σ are the Pauli matrix 3 . With the intention of finding out the new Dirac equation for the hydrogen atom in a minimal length scenario we replacep µ withP µ in the equation (16) . Because of Eq. (11) the central potential is not modified in the order which we are considering, i. e., for O(β). So, the Dirac equation takes the form
where
are the "quasi-position states" 4 .
2 We use "ordinary quantum mechanics" in opposition to quantum mechanics with a minimal length. 3 α andβ must be not confused with the fine structure constant α and the minimal length parameter β. 4 Note that x i is not eigenvalue of theX i operator. In fact, the existence of the minimal length implies
Ground state energy
To eliminate the time in Eq. (19), we try the following ansatz
where E describes the time evolution of the stationary state |ψ M L (t) . Substituting (20) into (19) and neglecting terms of order O(β 2 ), we arrive at
We observe that for β → 0, E is the ordinary energy E of the hydrogen atom. Therefore, if we assume the mass scale of the minimal length M M L to be big so that the electron mass is much smaller than it
≪ 1), then we can consider the second term as a perturbation. Consequently, Eq. (21) suggests we may assume that
and
where E is the energy of the eigenstate |ϕ of the hydrogen atom obtained from the ordinary Dirac equation. Substituting (22) and (23) into (21) and neglecting terms of order O(β 2 ), we obtain
Although, in general the calculation of the expression above is very laborious, it can be performed without difficulty in the case of the ground state. Then, from Eq. (24) we have i operator can not have any eigenstate which is a physical sate, i. e., any eigenfunction within the Hilbert space. Consequently, we are forced to introduce the so-called "quasi-position representation", which consists in projecting the states |ψ ML (t) onto the set of maximally localized states |ψ ML ξ
. Thus ψ ML ξ |ψ ML (t) = ψ ML ( ξ, t) are the "quasi-position wave functions" [31, 32, 33] .
Thereby, we need to calculate the expressions
The two-component eignspinors of the ground state, φ 0 and χ 0 , are given by
and Y j,m j±1/2 (θ, φ) are the common eigenspinor-function ofĵ z andĴ 2 [34] . Now, we employ the following identity
in order to get
and ( σ ·p)
( σ ·p)
After some algebra we have
At last, after more calculations, we find
It is interesting to expand E M L 0 in power of the fine structure constant. After performing some simple calculations, we get
As it is clearly seen, the summation of the terms independent of the fine structure constant in Eq. (50) is the electron rest energy (what is in agreement with [30] ). Hence, subtracting the rest energy of the electron,
we get
This result shows that the correction to the energy of the ground state of the hydrogen atom is always negative and of O(α 2 ), which is in agreement with the reference [22] . Naively we could expect that in the limit small α we would recover the Brau's result [12] . However, as we suspected, a careful examination clearly reveals that the relativistic effects stem from the presence of a minimal length introduced by Lorentz-covariant algebra start at order O(α 2 ), instead of O(α 4 ) as in the works with non-relativistic approach. In conclusion, when one considers relativistic effects as less important, more relevant terms may be lost.
We can make a estimation of the minimal length value comparing our theoretical result with the experimental data of the measurement of the 1S-2S energy splitting in the hydrogen atom. As far as we know, the best accuracy has been obtained by C. G. Parthey et al. [35] . They have gotten an accuracy of 4 parts in 10
15 (2,466,061,413,187,035(10)Hz). Indeed, we can make a rough estimative of the maximum value of the minimal length, if we realize the contribution of the lowest order term to the correction of the energy of the 2S state arising from the presence of a minimal length must be of O(α 2 ), because the 1S and 2S ordinary states have the same symmetry. Therefore, if this error is entirely attributed to the minimal length corrections and we assume that the effects of the minimal length can not yet be seen experimentally, from (52) we find
Sumary and Conclusion
The aim of this work was to show that the relativistic contributions to the ground state of the hydrogen atom arising from the presence of a minimal length are more relevant than non-relativistic ones. The hydrogen atom have been introduced in a minimal length scenario by modifying the Dirac equation with central potential through the use of the Lorentz-covariant deformed algebra of Quesne-Tkachuk and in the special case β ′ = 2β, see Eqs. (8), (9) and (10) . In order to avoid the problem of substitutingX i for derivatives ofp i in the Coulomb potential ( 1 r ) we have used the "position" representation given by equations (11) and (12) . Assuming that the electron mass is much smaller than the mass scale of the minimal length, we can calculate the energy shift of the ground state of the hydrogen atom in a perturbative way.
By expanding the ground state energy of the hydrogen atom, see Eq. (49), in power of the fine structure constant, we have found that the energy shift is of O(α 2 ), consequently two orders lower than one found by Brau. Therefore, in agreement with our statement that relativistic effects of the presence of a minimal length are more relevant than nonrelativistic ones.
It is interesting to point out that if instead of a Lorentz-covariant algebra we consider the Kempf algebra [24] , see Eqs (2), (3) and (4), the Eq.(25) becomes
for which the ground state energy is given by
The above result shows that the correction of lowest order due to the presence of a minimal length in this case is of same order as non-relativistic one. This means that the use of the Kempf algebra, which is not Lorentz-covariant, provides terms of the same relevance in both relativistic and non-relativistic approaches. However the use of the Kempf algebra does not leave the Dirac equation manifestly symmetric in space and time: the treatment of space and time at same level can be recovered only assuming ad-hoc a modification in the canonical functional relation between the energy operator and the generator of time translation [8, 24] . It is important emphasize that it is necessary to reconsider the Lorentz covariance in the presence of a minimal length. Recently, A. F. Ali, S. Das and E. C. Vagenas proposed a generalization of the uncertainty principle (GUP) [36, 37] which is consistent with special relativity theories (Doubly Special Relativity) and include a minimal length as fundamental limit for contractions of space. In the modified Dirac equation resulting from the GUP proposed by them we can find the ( α ·p) 2 term, which leads to terms of O(α 2 ) in the ground state energy. At last, comparing our result with experimental data we can roughly estimate the upper bound for the minimal length value of the order of 10 −20 m. It is important to point out that the length scale of the Large Hadron Collider (LHC)is of order of 10 −19 m, therefore very close to ours and lower than the Brau's one.
